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“Lexicographical account of constructional problems of triangle geometry problems”

Source: “Mathematics in school”, 1937, Ne 5, pages 4-30, Ne 6, pages 21-45 (Moscow, USSR)
A standard problem in geometry is to construct a triangle with given elemens (such as sides,
angles, medians, bisectos, altitudes, inradius, exradiuses, circumradius, half-perimeter, area);
generally you need three elements. Sometimes this construction can be performed by a compass
and straightedge, sometimes not. The paper gives a complete list of all triples that allows such a
construction, but no proofs for the cases when author claims it does not exist (though some

methods used for one of the cases are mentioned)

For some problems the restriction on input data (needed to ensure that triangle in question exists)
are given.

File was scanned from the original paper using 600dpi resolution. Note that printed page
numbers differ from file page numbers, since the paper appeared in two issues.
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Muorpa OuiBaeT HeoOXOZHMO 3HATH PaccToA-
HUSI T4K HA3bIBAEMBLIX 3aMedaTelbHHX TOYEK Tpe-
YrOJABHUKA. .

Ilycte A o3Hauaer TOUKY nmepeceyeHHs BHICOT,
M o3Hauaer TOYKY mepecevyeHHa MexHan,

I o3uauaer TOUKY miepeceveHHst OHCCEKTPHC,
T. €. LEHTP BIMCAHHOH OKPYKHOCTH,

O o03dauaeT UEHTP ONHCAHHOM OKPYKHOCTH,

E osHauaer TOuKy nepeceyeHus TpaHcBepcaneh
K TOYKaM KaCaHHsi RUEBIHCAHHBIX OKDYK-~
HOCTeH# CTOPOHAMH TpeyronbHUKa,
Jlekcukorpadunueckas noCHeI0BAaTENBHOCTD

H, M, I, O, E.

Wmeror mecro crepyoine (GopMyas:

4
195) HM? == 4 R — - - (@ + 8- ¢%)

196) HP?==2 (2 R? "'{i’ I'2) — —‘—;— (dg +
e

HO? = 9 R — (a2 1+ b 4 (%)
HE2 =4 R (R —2r)

197)
198)

9

200) MO? == R* — --3)» (a2 -+ b2 4 ¢2)
8 ;
201) Adﬁ‘: i 4:_1”2 »“”]” (} ((li + b:! + C"") —
4 s .
. Lt

3
202) /O“’ faa [e(R-——zl‘)
203y ipr. O ”) T 6reR - r)

- 204) OE*==(R—2rp '
Kpome toro, nonesno nomuuts, uto
205) H,M u O nexar Ha onuoH npsamof
206) M,] w E nexaT na OZHOH npsaMoOH
207) OcHoBanust Tpex BHICOT, Cepeludsl TPeX
CTOPOH M CePeAWHBl BEPXHHX OTPE3KOB
BLICOT Jle)Kat Ha OTHOH OKDPYXHOCTH
(OKPYHHOCTH IEBATH TOYEK), LLEHTP KO-
TOpO# Jmemur Ha cepemune OH W pa-
JHYyC. paueﬂfi« R.
Lo, Pemenne 3ajad M2 MOCTPOCHNRO
- TPEYIodbHAKA
§ 1. 3aaaui, B KOTOPLIX FAHBI JBE cTeponst (a, b)

1) a,b, ¢ —ocuosuaa. Pewenne 1u3se-
CTHO 1t BOBMOWHO TIPH  VCAOBHH O —— ¢ <(
- ' N i
<la<lb+e.
2)a, b, A-—ocroBuasa. Peweune usse-

CTHO I BO3MOWHO TIDH YCAOBMHA a > h sin A.
3) a, b, —ocunoBuan Pewenue usgecy-
HOG 1 BO3MOM(HO BCCIJA.

~
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4)a, b, h, ([. M. —III)— M3 kouua C orpes-
: ka BC =—a, Kaxk u3

) LEHTPA  OMHCHIBaeM

|| 1yry pagvycoMm b mo
N nepeceveHust B A ¢
npaAMoi . napamienn-

woit BC u orcrosuet
ot BC Ha paccrosiaune
k. Coemnnsiem A ¢
B u C. / ABC wuckomblii. Pemenne Bo3mMOX-
HO, ecn h==h, .
5) a, b, By —(I'. M.—1) - M3 npoussons-
Ho# Touku D npsvoit MN BocCTaHasIMBaeM
K HeH nepnesgu-
kymsip CD=p,.
M3 C kak u3 uenr-
pa, paaMycamu a
4 b nposoanm nge
ayru 10 fepece-
y YeHHus B Toykax B
g u A ¢ MN. Coenu-

. Hiem A ¢ Cu C
¢ B. /A ABC wuckomblil. Pemlenue BosmoxHo,

ecnn a>h, m b>h. Ectn @ winu b pasuo
h,, T0 GyieT NpAMOYrOAbHBIH TpeyronbHuK.
y 6)a, b, m, — (II.TL.Y.) Crponm /\ ACD no

croponam, AC=—'
A b, CH ==

\ AD=m_ n upo-
nomkaeM CD na
paBHOE eMy pac-
crosuve DB, Goe-
aunsem B c A. A\
ABC ucxoMbH,
Peutenue BO3MOX-
HO, ecJu

a ., a

hmg‘\\/\’”a<b”ﬁ“ 5

C7)a, bym. — (.M. --1) Crpoun A ACD.

o cropowam AC=b, AD=a nu DC=2m,
8

llpogopum DB AC u CB|AD no wux
nepecedewns 8 B. Coennnsem B ¢ A
/\ ABC wcxombid. Peirenue Bo3aMOWHO, eciau
a—b< 2 m <la+b. ’



8)a, h. by —Hepaspemuma,

J) a, b, b, -—(A)—TITocrpoum paBHoéenpeH—

st /\ ACD 1o ocdoBannio AD =

y

b. Ha
CB =a. Coeapuuum ‘B ¢ A.

. BOKOBOH
DC ornowum
2\ ABC uckomblit, Pemenue

a+n
b>b, 2a

10) a, b, R 1°9-

CTOPOHE NPOAOIKEHHH

BO3MOXHO, eCln

(A)-~ ‘aKk Kak  sin A =

a
== —=5, TO 3ala4a NPHBOLHICH K a, b, A

—(I'. M.—)—MH3 npo-
13BONBHOM TOUKU C OKPYK-
HOCTH paauyca R Omuchi-

_BaeM Kak W3 LleHTpa panuy-
caMu @ U b Nyru no nepe-
CEYEHHS C  OKPYXHOCTBIO
B rouxax B. n 4. Coe-
mungem C ¢ A u B,/
ABC uckomblit. Pewenue
BO3MOMXHO, eciid Npu a < 2R, h=I2R

11) a, b, r—-Hepaspemnma.

12) a, b, r, - Hepaspeuinma.

13) a. b, r. - Hepaspemuma.

14)a, b, 2p—Tak Kak ¢=2p —a — b, 10
3aMaua NpPUBOMMTCH K a, b. ¢. Pemende B03-

MONHO, ectn @< pila--b

15) a, b, A-~—(A) Crponm ;| ABC 1o a,
2
b, h, vne h,= . Pewenne sosmoxno ec-
Ll
. _2a
am b
o a
§ 2 Jazanp, B ROTOPHX JaHBl CTOPOHA T

upeTHROACKANIN yroa (a; A)
16) a. A, B — (Il) —Ha cropone BA" yria
i C"BA4" =B upu upo-
4 H3BONBHOH  rTouke A’
/ crponm yron C'A'B =

= A. OrTknaibiBaeM Ha
3/______\._\____["’

BC" orpesok BC =4
n uyepez C nposonmx

g CA||C'"A" no nepece-
venust B A ¢ BA". 7\
ABC wuckommii, PeuleHve BO3MOIKHO, €Cau

A-- B <180°.

17y a, A,h, —(I". M, —~H{—{—VI) Crponnm
uva BC = a nyry, BMewmaomyo A, u Ha paccro-
suau h, or BC npo-
oM MN || BC ro me-
peceyennst '8 A ¢ ny-
rolo. Coemnnum A ¢
B u C. /\ ABC wucko-
MEIfl. Penedne Bo3mMomx-
HO, €eCclH

a A

/Za-‘“i —2— Ctg ~-:2—‘
18) a, A, h,— (. M. -——1I)— [Iporoanm
upsimyio MN [| AC' cropone yraa C'AB'=A
JI0  mepecedeHust R
B ¢ AB'. Vis B
KaK W3 1leHTpa Onu-
¥  chiBaem Ayry pangu-
yca a 1o mepeceye-

B CV

7 & wma B C ¢ AC'.
p; Coennnsiem B u C.
/\ ABC  uckombii,
Peulene BO3MOWHO, €C/iH a), h,.
+19) a, A, m, — (V. M.—1V) — Crpoum Ha
BC ==a nyry BnC, Bme-
n mamoutyio A, ¥ K3 CepeiHHDl
A BC Kak M3 LleHTpa OmHChl-

BaeM IYry pamdyca m, 1o

nepecevenns B A ¢ BnC.

Coennusem A ¢ B u C,

7\ ABC wuckomuiii. Pewe-

g [ HWE BO3MOXHO, eClH M, ==
N e 2
=~ clg —

/’ ~0) a, A, m, —([. M.——VI)-—Crpoun na BC

== @a ayry BnC, smemawouiyio A ¢ UeHTPOM

B O. ('oeﬂmmem O ¢ C n ua OC kak mHa

IuaMeTpe CTPOMM TOMYOK-

PVKHOCTH € HeHTpom B O,

13 B Kak u3 medTpa pani-

yCOM 771, ONHCHLIBARM YTy
O mepeceueurs € 1O0Ny-
okpyxunocrsio O B ). Ye-

pe3 ) u C 1ipoBOANM Nps-
MyI0 J10 nepeceueHnst 8 A
c BnC. Coemuusem A c
B. N\ ABC wuckombiif. Pe-
HieHHE BO3MOXHO, eCc/u

4m,sinA-—a=a )1+ 8sin? A=
4 my,sin A+ a.

21) a. A, by (A)-
a - Crpoum na BC =

utyi0 A. OnpeaenseM FD = 3 (l/lf“’,\i—i- 4 FC*—

- h;\ ):

~3anaua Ilannmy-
=q nyx y BnC, BMewato-

rie FC otpesck, coeruuzouuid C

[
N



¢ cepennuofi nyru BmC, nononusomes BnC
J0 OKDYXHOCTH . M paguycom FD onucuisaem
- u3 F, kak w3 leHTpa, Ayry A0 MNepeceyeHus

8 D ¢ BC. Jlanee, coemunsieM r ¢ D u npo-
nonkaem N0 nepecedenus B A ¢ BnC. Coean-
Haem A ¢ B u C. )\ ABC sckombit. Pemenue

BO3MOXHO, ecnu b4 = -
92)a, A, by -— Hepaspeiunma.

. a
23) a, A, R - Ecin R == ———,  3anaua
£

‘HeonpeaeneHHas, a eciim R =f= -———— TO 3aaa4a
Heonpea ’ " 2sin A ’

POTHBOPEUHBas.
C24) a, A,r— (I M, — lV—g— V1) -— CTponm
Ha BC:==

a ayry BnC, smewmarowyio A. Ha
paccrosHud r or BC npo-
oM MN || BC. s D
cepenuubl BmC, nononans-
owed BrC 10 OKPYWHO-
CTH, KaK M3 MeHTpa Mpo-
BOAMM Lyry pamumycoMm DC
1o nepeceyenns B £¢c MN,
) nponoxmkaem DE no nepe-
ceuepnst B A ¢ BnC. Coe-

/. ABC uckombifi, Penie-
(a® +- 4r~)~

8r(a® 47 )

nusem A ¢ B n C.

HHE BO3MOXHO, ecnd a > sin A u

ca>2r.
25) a, A, r, — (. M -1V - VI) — Crpoum
Ha BC =a nyry BnC, Bmemalomyro A. Ha pac-

crosHan v, or BC nposoauM no Apyryio cTo-

POHY OT Hee NPSIMYIO

MN || BC. Y3 D ce-
\\ penunbi BmC, nonoa-

ugoueh BnC no ok-
PYXKHOCTH, KaK u3
1LeHTPa, NPOBOAUM
nyry paauycom DB
0 mepeceyeHust B E

W 4 ¢ MN. Tlponomxaem
ED po uepeceuenus
B A ¢ BnC, Coenu-
agem A ¢ B u C. /\ ABC wckomeiit. Peuenne

LA
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A
BO3MOXHO, eCTi @ <X 2r << a | sec ‘; +tg — )
26) a, A, r,— (A)—Ha cropone KL upsa-

moro yraa KLN npu L crpoum yron PLK:T?.

<

Ha paccrosuuu r,
or LP uposoxnm
napainenbHyto i
R'L' no mnepece-
yenuss ¢ NL B L',
Onyckaem 3 L’
wa LP nepnengu-
kyasip L"P' 4 npo-
nomkaem LP' Ha
paBHOe eMy Dpac-
crogaune F'P'', OrknagwiBaem Ha LP" or Pr
oTpe3oK P’ C==qau u3 Touku C Kak W3 ieHT-
pa panmycoM @ ONHMCHBaEM AyTy HO nepece-
ueHns B B ¢ MN. U3 cepennnant BL Boccra-
HaB/IHBAEM [epMeH UKy Iap o nepeceyenus 8 A
¢ nponomkeanem PL. Coennnsem A4 ¢ B. )\
ABC  wuckoMbifl. - PelieHue BO3MOXKHO, eciu

A

/\4

|
!
I
i
L
7

©

A . A
r,tg 5 <_a<i2r,ig )

27) a, A, 2p-—(I"M.— VI) — Crpoum na
BC==aqa nyry BnC, smemwanomyo A. /lenum ee
8 DD wnomonam w uz D

£ KaK M3 UeHTpa panu-

ycom  BD  onuceisaem
OKPYXHOCTh. 13 B kak
M3  1eHTpa, pPALHYyCOM
2p -~ a ONMHCHIBAEM IHy-
Iy IO nepecedeHds ¢ oK-
pyxuoctsio D B E. Coe-
nunsem B ¢ E. Touky A
nepeceucHus BE ¢ BnC

coenunsiem ¢ C. ;\ ABC
WcKoMbIfl. PelueHne BO3MOXKHO, ecnn0< 2p —
_a A
— @ =< —5 clo e
2A

L)8) ‘19 A A T (A) - ralﬁ KdK /7 ...ﬁ——d__, T0

3aj1a4a NPUROMMTCH K a, A, h,. Peutenne go3-
a* ber

ecay A=t — Clg —.
4 " 2

MOXKHO,

§ 3. 3axaun, 8 KOTOPBIX JAHBI CTOPOHR
H OPHJIEKRAMANL yroa

29) a, B, C-—-ocHosuasa. Pemende wus-
BECTHO W BO3MOXHO, ecad B--C < 180°

30) a, B, hy (I'.—
M.—IlI)—Ha cro-
\ pOHe JaHHoro yrna B
H OTK/I3[biB4€M OT €ero
BEPUIVHL O TPe30K
BC ==a v npoBo/ium




npaMylo napaniensHylo BC H OTCTOAILYI0 OT

BC na h, no nepeceuenus B A CO BTODOH

cropoHott yrna B, Coeannsiem A ¢ C. \ ABC —
HckoMmpil. Peunrenne BO3MOXHO BCerja.

31) a, B, h,——(I'. M—VI). Ha cropore

‘ BC' yrna A'B'C' ==

4! =— B OTK/ajbiBaeM OT

A ero BepunHsl BC =—=a

u crpouM Ha BC no-

AyOKpyxHOCTb. M3 B

KaK H3 UEHTPa Paxu-

B ycom £, ornuchiBaey

LyTy. IO TepeceyeHns

7 B D ¢ 1101yOKpyKHO-

b creio.  [Mpomomkaen

8 a c ¢ CD po mepeceueHHs

' BA ¢ BA'. )\ ABC

— HCKOMbIH. Peluenne BO3MOXHO, ecin A, < a.

32)a, B, h, — Ecmn A, = a sin B, 10 3anaua
HeompeJe/leHHas ; €CIH hCTa sin B, 3amaua
upomaopeuuaash

+ 33) a, B, my, — (I'. M,—I)— Ha cropone
yraa B ormauuaaem OT €r0o BepLIHHBl OTPE30K
BC ==a, penum ero
B D nononram u u3
TOUKH ) KaK W3 1leHT-
pa paanycoM m, Onu-
ChlBaeM Iyry 10 ne-
peceyeHHsi CQ BTOPOH
CTOPOHOH yrna B B
touke A. Coenunsiem
ABC HCKOMBIHA, Pentenne BO3MOMHO,
W 2 sin B.

34) a, B, m,—(I'. M—1I)-—Ha cropoue
yria B OTKIafbiBA€M OT €r0 BEPIIMHBI OTPE30K
BC==a. W3 B, Kak #3 uedrpa paauycom 2,

» OIHCHIBAaeM IyTy IO

4 , M & nepeceuenuss 8 C' ¢

5 CC’ — npsimo#t, ma-
panneibHOA  BTOpOH

8 7 r cropoHe yria B. Ye-
pes C u C” cepennny

BC' npoBonuM npsiMylo 10 nmepecevesnss B A Co
BTOpOH CTOpOHOH yraa B. )\ ABC wuckombift,

I’} 7 ¢

AcC. Z\\

eCcliu m

Peuienrie BO3MOXHO, ecns 1, == %sinB.

351 a, B, m, — (Il. IT. 4.) —Crponm /\ BDC
no yray B, cropoHe BC ==a
n CDO==m,. Ha npornomxeunu
BD ornomum DA = BT Coe-
anHgem A ¢ C. /\ ABC ucko-
mbiil. Pelilenve BO3MOMXHO, ecnu
m, > asin B

36)a, B, by ~— Hepaspeuuma,

37) a, B, by —(IL I'I 4) — Crpoum
BCD no croponav BC ==a, BD == bg n yray

A « DBC :—:‘%B.Ha BD

? cTpouMm npu B yrom
B
" - # IpoJoKaeM ch
i .
B/2 , O repecevyeHus E
g a & Touke A co BTOpOH

CTOPOHCH 3TOrO yriaa.
N ABC — ncxomuﬁ PelueHne BO3MOXHO, eClIK
bg<2acos B.
3%) a, B, b, — (ILT1.4.) Crpoum A\ BCD
' qo BC=a, CD=b,_
& u yony B. Ha CD
ctpoum mnpu C yroa
pasubiit yry BCD n
NPOJOMKAEM €ro BTO-i
pYyi0 CTOPOHY 1O me-
pecedeHnsa B A ¢ mpo-
nomxkenvem BD. A\

L

7 &' ABC wuckombiit. Pente-
HHE BO3MONHO, €eCiin
b.<Casin B.
39)a, B, R (I M.— ) Ha cropone yrna B

oTknanmBaem BC ==a M u3 kKouuos B u C,.

A KaK U3 IEHTPOB, OMHCLIBA-
eM ayrs pamauyca R. M3
Toukh O HX IepeceyeHHs
pagvycom pasibM R onu--
CbiBaeM OKpyxHOCTb., Tou-
Ky A ee mepeceygHuss CO
BTOPOH crTopoHO# yraa B
coeprngem ¢ C. /\ ABC
Hckombufl,  Peiuedne BO3-

MOXHO, ecnu arc sin Z‘?+ B =

40) a, B, r (I'. M\.—IV)—Ha cropoue yraa B
OT ero BeplIHHB oOTKIagsiBaem BC = a. Ilpo-
BOAUM OHMCCEKTPHCY vria B RO mepeceyeHHs

8 O c npsAMoii na-

A/ pamnensHott BC w
OTCTOALIEH OT Hee

Ha PACCTOSHHH F.

0 M3 O, KaK U3 ueHT—

’ Ar /\ pa, ONUCLIBaEM OK-
4

DYIKHOCTb DajHy-
A ca ¥ 4 NPOBOJHM

K Hell KacaTenbHylo
i3 C 1o nepeceveHns B A cOo BTOPOH CTO-
pouoit yrna B. /\ ABC uckomuiif. Peurenvte Bo3-

. a
eClti F < 5-sin A,

<

MOXKHO, ,

41) a, B, ry —(A)—Ha cropoue yria B
oTknagsisaeM BC = a u nposoaum 6GHCCEKTpU-
cy yraa cmexHoro B no mepeceuedus B D'
c npaMoii mapamwiensHoit BC u  orcrosiuie#
oT Hee Ha paccrosHue DD’ ==r . Pasuocrr
BD — DC otinanbsiBaeM Ha BLOPO#l CTODOHE

29



yraa B uan ee npo-

BOCCTAHaBIMBaEM
[epIeHOUKYAAp 10
A ; nepeceyeHrss 8 A ¢
' npoxomxernem BB,
Coenunsiem A ¢ C.
A\ ABC uckoMbii.
PeuleHre BO3MOXKHO,

1
r e r, < — a(l-+

-+ cos B) cig -g— .

42) a, B, r,~— (A)-—1°. Ha cropoue yraa
B8 otkaaamsaem BC == a. IIposoaum GuccexTpH-
cy yrna B nmo mepeceyeduss B D' ¢ npamon
Tnapawiensiod BC, orcrosiuel o1 Hee Ha
DD =r,.
paccTosiHde 1o TOYkH B' w orknaneizaeM OT
B wa DB orpesok B'C'==q. Ha sropoi
CropoHe yraa B orkaamwisaem BA4' == BC' u

4 AR 5

us cepenunsl AC' BocCranasinBacM K Hedl uep-
ueHauKyaap no uepeceuedust 8 A ¢ BA', Coe-
nausiem A ¢ O, 5 ABC wckombifi. Pewenuc

BOIMOKHO, €CaH @ < 1, Cly ~~

NOMLKEHHH B 3aBUCH-

MOCTH @T TOro, OT-

pHUaTeNbHA OHA WK

. noytoxctTenbua. Ilo-

AyyeHHyw rouxy B’

coequusgeM ¢ C w

Y w3 cepeludst B'C

a .

Hpononkaem BD ua pasuve emy

(. M.— V) —2°, [loayuus tak, xax u s 1°,
Touky [)', onucpisaem H3 Hee, KAK H3 (EHTPa,
OKPYKHOCTb ~ paluyca r, H K IOJyYeHHOH
OKPYXHOCTH 1poBOAYM K3 € KACATEILHYIO NO
nepeceueHust B A co BTopoli cTOPOHOH yraa B,
/. ABC yckomntil.

... B
_Tyctg o
43) a, B,r, —(A) — Ha cropose yrna B

Peuieiine BO3MOXHO, €CIH @ <

ortinansiBaeM BC == a. [IposonsM OUCCEKTPHUCY |

yraa 180° — B no nepeceuenns B D' ¢ mps-
MO napamievmﬂoﬁ BC W oTCTOANEH OT Hee HA
4 DD'==r,. Orxna-
aviBaem DC  ua
paBHOe eMmy pac-
£ CTOSHHE JO TOYKH
C'" n or Hee B
e 06paTHOM Hanpas-
JEHHH  OTK/Albl-
saem C'C"=q. Ha
BTOPOH CTOpOHE
yraa B ortkaanwiBaem BA' == DC". -
M3 cepemnnnt A'C ROCCTaHABIMBaeM MepHeH-
Avikyaap jio nepaceuenns ¢ BA' v A, Coenunsem
¢ C. /\ ABC uckombiii. Pewenne 303MOXHO
Beeraa.
44) a, B, 2p — (A) — Oupenensem o+ c=
=2p-—a. Crpoum /A BDC
4y no yray B u cropoHam
BC=a n BD=b-c.
Y M3 rouxu E cepenunst DC
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